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education institutions. It is also important to explore the potential of digital platforms for
scaling up STEM projects in de-occupied territories and regions with limited access to
educational infrastructure.
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Any process of decision making involves selecting from various alternatives. This
choice is governed by our desire to make the most effective, the most optimal decision.
Thus, at the heart of any decision-making process, be it in engineering or in economics,
always lies optimization. Mathematical optimization is one branch of applied mathematics,
focused on finding the best solution from a set of feasible alternatives, often subject to
constraints. It is foundational in engineering, economics, data science, and operations
research. Optimization problems of various types arise in all quantitative disciplines,
ranging from computer science and engineering to operations research and economics.
Optimization modeling is rather powerful tool, used, including, in classical mathematics,
for instance, in linear algebra. Applied linear algebra allows us to take some radically
different look at many classical problems of mathematics [3], that is demonstrated in this
paper.

It presents basic results of analysis of classical Gaussian elimination method [1; 4]
and gradient methods, as well as their variations [2; 5], for solving arbitrary systems of
linear algebraic equations. These results have been obtained after testing our own program,
written in «Visual Basic for Applications». Namely, we have combined well-known
methods from classical algebra and six optimization methods.

Today, with active use of computers in different areas of our life, we have to admit
that computer methods give us innovative, truly non-standard, way to look at different
problems from classical mathematics. In particular, even the simplest problems of linear
algebra from now on are not just routine tasks for students and can be considered from a
different angle via modern technologies. Linear algebra is, probably, the most fundamental
tool for machine learning, providing indeed powerful and versatile framework for
representing, analyzing, and manipulating data. Its broad applicability to truly wide
spectrum of machine learning tasks makes it indeed indispensable skill for professionals in
the corresponding field.
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We have written our own program in «Visual Basic for Applications», that presents
some results of comparison between traditional Gauss method and optimization gradient
methods, as well as their variations, for solving arbitrary systems of linear algebraic
equations. Namely, we have combined well-known methods of classical linear algebra and
the next six optimization methods: gradient descent method with adapted step selection,
gradient descent method with adapted step correction, modified gradient descent method,
gradient method of the steepest descent, and two gradient methods of conjugate gradients:
with the help of formulas of Fletcher-Reeves and Polak-Reiber.

Gradient descent methods are big class of optimization algorithms, commonly used
in machine learning and other areas of applied mathematics. These methods aim to find
local minimum of the corresponding function by iteratively adjusting some parameters in
the direction of the steepest descent. The 1dea behind gradient descent is based on the fact
that local minimum of the function under consideration occurs where its gradient is zero.
By repeatedly updating some parameters, gradient descent algorithms gradually converge
towards one optimal solution.

An essence of this suggested optimization gradient method in relation to linear
systems is that solving an arbitrary linear system

{fallx1+al2x2+al13x3+..+alnxn=bl, a2l1x1+a22x2+a23x3++a2nxn=b2,
a31lx1+a32x2+a33x3++a3nxn=b3, .., amlx1+am2x2+am3x3+..4+amnxn=bm,

that can be written in the next matrix form

Ax=Db,

where

A all al2 al3 .. alna2l a22 a23 .. a2na3l a32 a33 .. a3n:

: faml amZ2 am3 .. amn =AmXn,

b b1l b2 b3 ..bm =BmX1, x=x1 x2 x3 ... xn =XnX1,

1s equivalent to finding minimizer, i.e. such vector X*Rn, for which

fx =fx*,

for the next quadratic functional, called as residual function,

fx=Ax-b,Ax-b=IAx-bl2, AERmXn, bRm, m<n.

The method is iterative: starting from an arbitrary point x0 (called as initial
approximation) in the corresponding Euclidean space, we will subsequently visit (by
repeating always the same computation) points x1, x2, ..., until we eventually reach a point
that is the solution of the system under consideration.

The program consists of two parts: the first is based on classical (the Gaussian
elimination) method and the second is built on using various gradient methods. Screenshots
of the program’s results, specifically, visual demonstrations of implementation of six
gradient methods, for the next system of algebraic equations

{(x14+3x24+2x3=10, 4x1+3x2+2x3=20,

1s presented below. Namely, necessary result of «classical» Gaussian method: the
obtained upper triangular form of the system (row-echelon form of the matrix, in which
there are non-zero elements above its main diagonal, running from the upper left corner to
the lower right corner, and zeros in every position below its main diagonal) (fig. 1), — and
results of six variational methods: the obtained solution, accuracy of all necessary
calculations, and running time of the corresponding method (fig. 2 — fig. 7).
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¥1+3F*ud+2*x3=10
“SFd-e*u3=-20

Fig. 1. The obtained upper triangular form of the system under consideration

x1=3,332449
x2=1,538976
x3=1,025584

7,7578358502554E-03 0,015625 cex.

Fig. 2. The obtained solution, accuracy of all necessary calculations, and running time
of gradient descent method with adapted step selection

x1=3,331985
x2=1,539338
x3=1,026225

9,98847237550768E-03 0,46875 cek.
Fig. 3. The obtained solution, accuracy of all necessary calculations, and running time
of gradient descent method with adapted step correction

x1=3,333261
x2=1,538385
x3=1,02559

9,402E8E8918083727E-03 0,078125 cexk.

Fig. 4. The obtained solution, accuracy of all necessary calculations, and running time
of modified gradient descent method
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x1=3,331585
x2=1,539338
x3=1,026225

9,9907712533262€E-03 0,3828125 cex.

Fig. 5. The obtained solution, accuracy of all necessary calculations, and running time
of gradient method of the steepest descent

x1=3,331983
x2=1,539339
x3=1,026226

9,55803827385007E-06 £,023438 cex,
Fig. 6. The obtained solution, accuracy of all necessary calculations, and running time

of gradient method of conjugate gradients (using formulas of Fletcher-Reeves)

x1=3,331583
x2=1,539339
x3=1,026226

9,95803827385007E-06 24,63281 cek.

Fig. 7. The obtained solution, accuracy of all necessary calculations, and running time of gradient
method of conjugate gradients (using formulas of Polak-Reiber)

After testing various systems of linear algebraic equations with the help of our
program, we have mentioned the next important facts. The Gaussian elimination method
provides solutions extremely rapidly, within fractions of a second, while our proposed
optimization method achieves the highest level of accuracy in a short time not for every
system. It gives this result for square, symmetric, positive-definite (or positive-indefinite)
matrix of the system under consideration. For some systems the program just loops during
execution of this optimization algorithm. This fact experimentally proves that effectiveness
of this method depends on value of its step.

Roughly speaking, optimization in mathematical sense is difficult process of finding
the best decision, with regard to some criterion, from some set of available alternatives.
Active computerization of our life generates new and new optimization problems.
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Optimization modeling is rather powerful tool, used in various fields, including operations
research, engineering, economics, finance, logistics. Along with this, mathematical
apparatus of optimization finds its reflection in various classical problems of linear algebra.
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AxtuBHe BrpoBakeHHS STEM-ocBiTH B yKpaiHCBKMX IIKOJIaX BUMAarae
KOHIICTITYaJIbHUX 3MIH HE JIUIIC B METOAaX BUKJAJaHHS, € ¥ y MAX0Aax 0 OLIHIOBAHHS
HaBYAJIHUX JOCATHEHb 3/100yBayiB ocBiTu. Tpaauuiiine (MiJCyMKOBE) OLIIHIOBaHHSI, SIKE
30Cepe/KeHe TepeBaXHO Ha (ikcamii KIHIIEBOTO pe3yjbTaTy, YacTO BUSBISETHCS
Manoe(eKTUBHUM 1 HaBiTh IEMOTHUBYIOUNUM Y KOHTEKCTI IIPOEKTHOTO HABYAHHS.

Jlnst moBHOIIHHOT peanmizaiii STEM-niaxoay, e KIOYOBY pojib BIAITPAIOTh MPOIEC
MOIIYKY PIIIEHHS, KPEaTUBHICTh, aqTOPUTMIYHE MHUCIEHHS Ta 3/aTHICTh J0 KOMaHAHOI
pobotu, HeoOXimHMI mepexin a0 (OpMyBaldbHOTO OIIHIOBaHHA. SIK 3a3HAYarOTh
TOCITITHAKH, came (OpMyBajIbHE OIIHIOBAHHS — TOOTO OIIIHIOBAHHS <«(IJI1 HAaBYAHHS» —
3naTHe 3abe3meuuTH Oe3nepepBHUN 3BOPOTHHM 3B’S30K, 3HU3WTH PIBEHb CTpecy Ta
MIATPUMATH YIHS Ha KOKHOMY €Tarl MOTro OCBITHROT TpaekTopii [2, c. 14].

OcoOnuBoi akTyanbHOCTI I MpoOjema HaOyBae Ha YypOKax MaTEeMaTUKU W
iHbpopMmaTuku, sKi € ¢yHAaMeHTaTbHUMH ckiagoBumMu  STEM-nanpsmky. CydacHi
BUKJIMKU IU(pOBi3allii, mepexia 10 3Mimanux ¢opMaTiB HaBUYaHHS Ta MOTPEOH CydyacHOTO
MOKOJIIHHS YYHIB BUMararTh Bl yUUTEJs BOJOAIHHS 1HCTPYMEHTApIeEM, 3IaTHUM 3pOOUTH
IPOLEC OI[IHIOBAHHS MPO30PUM 1 MOTUBYIOUMM. BUKOpHCTaHHS IHTEPAKTUBHUX IU(PPOBUX
CEpPBICIB CTa€ HE MPOCTO TEXHIYHUM JIONOBHEHHSM, & HEOOX1IHOIO YMOBOIO (POpMYyBaHHS
KJIFOUOBUX KOMIIETEHTHOCTEH 3100yBadiB ocBitH [4, ¢. 53].

®opmyBasbHE OLIHIOBAHHS PO3IJISNAIOTE Y CYy4acHil menarorini sk OesnepepBHUM
IHTEPAKTUBHUN TMPOIEC MK yduTelIeM Ta ydHeM. Moro romoBHa MeTa — BiJICTEKEHHS
O0COOMCTICHOTO MOCTYNy 3700yBaya OCBITH, BUSIBJICHHS MPOTAJINH Y PO3yMIHHI MaTtepiany
Ta BYaCHE KOPHUTYBaHHS OCBITHBOTO TIPOIIECY.

VY konrtekcti STEM-0cBiTH Takuil MiJIXiA 103BOJISIE€ OLIHIOBATH HE JHile popMaabHe
BIITBOPEHHS MaTeMaTWUYHUX (OPMYJT YM CHHTAKCHCY MOBHM TNPOTPaMyBaHHSA. 3HAYHO
BKJIMBILIOI CTa€ 3JAaTHICTh Y4YHSI 3aCTOCOBYBATH 1[I TEOPETHYHI 3HAHHSA Ha MpPaKTHLIL,
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