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ÓÄÊ 517.9

ÓÌÎÂÈ ÊÅÐÓÂÀÍÍß ÄËß ÍÅÇÀÂÆÄÈ ÐÎÇÂ'ßÇÍÈÕ

IÌÏÓËÜÑÍÈÕ ÑÈÑÒÅÌ IÍÒÅÃÐÎ-ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ

ÐIÂÍßÍÜ

Iâàííà Áîíäàð

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

bondar.i@imath.kiev.ua

Äîñëiäæåíî ðîçâ'ÿçíiñòü iìïóëüñíèõ ñèñòåì iíòåãðî-äèôåðåíöiàëüíèõ
ðiâíÿíü ç âèðîäæåíèì ÿäðîì. Ïðèïóñêà¹òüñÿ, ùî iìïóëüñíà ñèñòåìà íå
ìà¹ ðîçâ'ÿçêó ïðè äîâiëüíèõ íåîäíîðiäíîñòÿõ. Äëÿ òîãî, ùîá çâåñòè ¨¨ äî
ðîçâ'ÿçíî¨, ââåäåíî ôóíêöiþ êåðóâàííÿ òà âñòàíîâëåíî êðèòåðié ðîçâ'ÿçíîñòi
é ïîáóäîâàíî çàãàëüíèé éîãî âèãëÿä. Ìåòîä äîñëiäæåííÿ ïîñòàâëåíî¨ òà-
êèì ÷èíîì çàäà÷i âèêîðèñòîâó¹ òåîðiþ ïñåâäîîáåðíåíèõ (çà Ìóðîì Ïåí-
ðîóçîì) ìàòðèöü òà îðòîïðîåêòîðiâ [1,2]. Ðîçãëÿíåìî íåîäíîðiäíó iìïóëü-
ñíó ñèñòåìó iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü

ẋ(t)− Φ(t)

b∫
a

[
A(s)x(s) +B(s)ẋ(s)

]
ds = f(t) +

b∫
a

K(t, s)dsu, tϵ[a, b], (1)

∆Eix
∣∣∣
t=τi

= Six(τi − 0) + γi ∈ Rki , (i = 1, ..., p, τi ∈ (a, b)). (2)

Ðîçâ'ÿçîê çàäà÷i (1), (2) áóäåìî øóêàòè ó êëàñi âåêòîð-ôóíêöié x(t) òà-
êèõ, ùî x(t) ∈ D2([a, b]\{τi}I

), ẋ(t) ∈ L2[a, b], t ∈ [a, b], τi ∈ (a, b), i =
1, 2, ..., p. Òóò D2([a, b]\{τi}I

) � ïðîñòið ôóíêöié x : [a, b] → Rn, ÿêi äî-
ïóñêàþòü ðîçðèâ I-ãî ðîäó ó òî÷êàõ τ1, ..., τp ∈ (a, b) i àáñîëþòíî íåïå-
ðåðâíi íà êîæíîìó iç ïðîìiæêiâ [a, τ1), [τ1, τ2), ..., [τp, b]. Ïðèïóñêà¹òüñÿ,
ùî A(t), B(t) � m × n, Φ(t) � n × m, f(t) � n × 1 âèìiðíi ìàòðèöi,
êîìïîíåíòè ÿêèõ íàëåæàòü ïðîñòîðó L2[a, b]; âåêòîð-ñòîâï÷èêè ìàòðèöi
Φ(t) � ëiíiéíî íåçàëåæíi íà [a, b]; Ei, Si � ki × n âèìiðíi ìàòðèöi, γi �
ki�âèìiðíèé âåêòîð-ñòîâï÷èê êîíñòàíò; rank (Ei + Si) = ki < n, òîáòî
ðîç'ÿçîê ñèñòåìè âèçíà÷à¹òüñÿ îäíîçíà÷íèì ïðîäîâæåííÿì ÷åðåç òî÷êó

ðîçðèâó: ∆Eix
∣∣∣
t=τi

:= Ei(x(τi+0)−x(τi−0)). Ïðèïóñêà¹ìî, ùî iìïóëüñíà

ñèòåìà (1), (2) ¹ íåðîçâ'ÿçíà ïðè u = 0, u ∈ Rn òà äîâiëüíèõ íåîäíîðiäíî-
ñòiõ f(t) ∈ L2[a, b], γi ∈ Rki . Äëÿ âñòàíîâëåííÿ óìîâ iñíóâàííÿ ðîçâ'ÿçêó
iìïóëüñíî¨ ñèñòåìè çâåäåìî iìïóëüñíó óìîâó äî âèãëÿäó êðàéîâî¨ óìîâè,
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âèêîðèñòîâóþ÷è òåõíiêó çàïðîïîíîâàíó ó [1]. Ñïðàâåäëèâèì ¹ íàñòóïíå
òâåðäæåííÿ.

Òåîðåìà 1. Iìïóëüñíà ñèñòåìà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü
(1), (2), ÿêà ïðè u = 0 òà ïðè äîâiëüíèõ ∀f(t) ∈ L2[a, b] ¹ íåðîçâ'ÿçíîþ,
áóäå ìàòè ðîçâ'ÿçîê òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ íàñòóïíà
óìîâà

PU∗PD∗
d1

= 0. (3)

Ïðè öüîìó âåëè÷èíó êåðóâàííÿ u íåîáõiäíî âèáðàòè íàñòóïíèì ÷èíîì:

u = U+PD∗
d1
b̃+ PUc, c ∈ Rn.

Òóò U := PD∗
d1

b∫
a

[
A(s)

s∫
a

b∫
a

K(τ, s)dsdτ + B(s)
b∫
a

K(s, τ)dτ
]
ds �d1 × n-

âèìiðíà ìàòðèöÿ, U+ � ïñåâäîîáåðíåíà (çà Ìóðîì�Ïåíðîóçîì) äî S �
n × d1-âèìiðíà ìàòðèöÿ, PU∗ , PU � d1 × d1 òà n × n-âèìiðíi ìàòðèöÿ
(îðòîïðîåêòîð), âiäïîâiäíî.

Çàóâàæåííÿ. Ïðè óìîâi (3) êåðóâàííÿ u ∈ Rn ìîæå áóòè íå ¹äèíèì,
áî çàëåæèòü âiä äîâiëüíî¨ ñòàëî¨ PUc ∈ Rn. Öå äîçâîëÿ¹ âèêîðèñòàòè
äàíå êåðóâàííÿ äëÿ äîñëiäæåííÿ çàäà÷, ÿêi ÷àñòî çóñòði÷àþòüñÿ ó òåîði¨
îïòèìàëüíîãî êåðóâàííÿ.

Ïóáëiêàöiÿ ìiñòèòü ðåçóëüòàòè äîñëiäæåíü ïðî¹êòó
� 2020.02/0089 ó 2023 ðîöi çà ðàõóíîê ãðàíòîâî¨ ïiäòðèìêè
Íàöiîíàëüíîãî ôîíäó äîñëiäæåíü Óêðà¨íè.
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CONTROL CONDITIONS FOR NOT ALWAYS SOLVABLE

IMPULSE SYSTEMS OF INTEGRO-DIFFERENTIAL EQUATIONS

The solvability of impulse systems of integro-di�erential equations with a
degenerate kernel is investigated. It is assumed that the impulse system does not
have a solution for arbitrary inhomogeneities. In order to reduce it to solvable,
a control function was introduced, a solvability criterion was established, and its
general form was constructed. The fact that the control may not be unique allows
us to use it to study problems that are often encountered in the theory of optimal
control. The general method of studying the problem posed in this way uses the
theory of pseudo-inverse (by Moore-Penrose) matrices and ortho projectors.
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